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Fourier series

f(x) periodic function with period 2t ... f(x + 2n) = f(x)

f(x)= %+ S"(a, sin nx+ b, cos x)
n=1
a, = 1 ][ f(x)sinnxdx ... n=123,...
72- —7T
b = 1 T f(x)cosnxax .. n=012,..
72- —7T

base interval is arbitrary interval <a, a+ 27r>

2r
(not only <_7T’ 7T> but also often <O, 27Z'> ... then j )
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Example: Let function f(x) is periodic with period 2mt and let it is in base interval <0, 27r>
is given by equation f(x) = x.

Transform it to Fourier series.
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21T 277 21T
a, :i Ixsin nXdX:_%{Xcosnx} +i fcosn)(a’)(:—g .. n=123,...
ITo n 0 /7770 n

12n
by == [ xdx=2x
Ty

21T : 277 21T
b, _1 Ixcosnxd)(: _%{Xsmm{} _ 1 jsin nxadx=0 .. n=123,..
770 1 0 /7770
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Result i i i
sinx sin2x sin3x
f(x)=m-2 + + ..
1 2 3
Periodic function with period 2/

f(x)= L i(ansin@Jr b, cos@j
2 n=1 / /

/
3n=1/f f(x)sinn—jw(dx .. n=123,... b :1/] f(x)cosn—;zxdx .. n=012,..
ey

Periodic functions with period T

. T T 27 " Ny
X j— j— j— w

T —_—

| A i |

f(t)= L S"(a, sin nwt+ b, cos nwt)
, . | n=1 -
a, 27_'[ f(z‘)smna)ta’z‘ .. nN=123,... bn:?j f(l‘)COSﬂa)l‘dI‘ ... n=012,...

0 0
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Equivalent transform

Linear systems

)

u(t)uo‘ p y(t) /I\VO ﬂ y(t) =Yg SIN (a)t + go)
) _
)

w0 [ g y@® | y(t) = y,e )
Jwtre)
G jw) = y(2) _ W€ _( ; Yo ple
u(t)  ye
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Nonlinear systems — brief summary

_ first harmonics of output Y

u U= A sinw =N {u] G A = - - - - —
Wf /\T }lﬂmﬂ (A sinusoidal input signal U
| e’

Ty Gula-ala il

a(A), b(A) coefficients of Fourier series for first harmonics

b(A) proportional to surface of static characteristics — for explicit nonlinerarity =0
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y y
JB U= Asin ot UH:asmm y y=N{u)
Y s t
o | - i : Er el y= N(U) Y
P A
I I '.: :: |1 ! . .
*: R - _15;____4'_1_}__“'#__ y= asinaet+a,sinat+...
LN ] ¥ b
| A | Jor yi! +—2+b cosawt +b, cosat + ...
I I1| I S “rfr 2
| oy M mm el £
e CEE = 2,/ e higher harmonics filtered by linear parts
E : e e for even functions is by =0
| .-*’_,r“' . .
T N Y= a,sinwt+ b coswt = Aasin wt+ Abcos ot
zﬂmt ’ where a4, =A3a; b=Ab
27 _ 31 _ o
=—jy(z‘)smnaaz‘0’z‘ === ) fy(z‘)sm neot dt = jy(z‘)sm not dt

T T
j Ut)cos nw b= TA! U P)cos nwt dt ~ £ W P)cos nwt dt,
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Transforming y to function only using sinus: d = CCOS@ b= csin 0
b
cc=a"+bt ;. ge=—
d
y= Aasinwt+ becoswt)= Accospsin wt+ csing cos wt|= Acsin(ot+ p)

first harmonics of output Y
Equivalent transfer — definition: GN (A)z P =

sinusoidal input signal U

Y ACE/(COH(P)

GN (A) U AE' Jot

= ce” = o(cosp + Jsing)=a( A+ jH A

Gy (A) is independent on frequency w, it is only function of input amplitude A !

Important: \ y
Imaginary part b(A) is proportional to area of b(A) ~ S
static characteristics of nonlinear member. For S u

terms with ambiguous nonlinearity: /

S=0 > Gy(A)=a(A)
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Example: Determine equivalent transfer of nonlinear control member given by statistical
characteristic of relay type with insensitivity band (given values b, B) by figure.

y Y y=N{Asinwt)
2

lE U T arec 2T - Wit

| A qr - & 2w

|
: b=Asina :‘asinuh—i-
|

wt
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Solution:

G,(A) = a(A) = %; Adsin ctdl =

[« T—a T+a 27— 27
:% To.sinwz‘a’l‘+ TB.sinwfa’H TO.sinwz‘a’H T(— B).sin widt+ TO.sian‘dI‘
0 a T-a T+a 2r—a
_M 272'—0( ] B M
w TB.sinwz‘a’z‘— TB.sinwz‘a’z‘ :w_B [—icoswl} —[—icoswz‘}
A tra ™A ) a )

T—a 2r—o

[-coswr],> +|[coswrt] 2,

@

7r+a

A

@

2T—a

T+

(0]

@

B 4B
} — ([cosa +cosa]+[cosa +cosa]) = —=cosa
™ A

4B

Gy(A)=

l

cosa =/1—sin? «

NF-CZ07-MOP-3-202-2015
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Has been used (figure)

cos(z —a)=—-cosa ; cos(zr+a)=-cosa ; cos(27—a)=cosa
u / Is angle a unknown — undefined?
t -
_T.\-/T U= Asinwt
. 2 :
| U= Asinwt for of=« iSUIb K b:ASIna
pro t=T je u:i‘asmm-ii =0
. b
a = arCsin —
A

A P -
LY < Gu(A) =] Adsin wrat

0

pro wt=27 je u=Asin2w =0

It is more appropriate to have wt instead of t on horizontal axis.
NF-CZ07-MOP-3-202-2015 12
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(a7 —a)

GuA) =2 j Adsin wtat

It is integrated for whole period T. Period is divided to segments with constant y(t).

Output is wt and therefore are intervals (0,a), (.7 —a) (7 -a,7+a) etc.
Corresponding angle must be divided by w. After integration we get terms like:

M
cos wi]
P

and during assignment of limits, the w is eliminated.

NF-CZ07-MOP-3-202-2015 13
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Equivalent transfers are in the table.

Exviwlental pieccar ™mh, 1.3

|'._:._'|é-e.-t'r. e

X k LB
' ﬂ,’-l*-?‘l'.i'u:-smﬂﬁ}-ﬁ-:ﬁa:
o o= O B -"ll
.| 1 # alA) = 2B
| Z

a8
! | ﬂl:.lq]wlllirlr I!'E
A
.-""'"r.: |
|
[ [
I [ T ;
| !‘E 48
= | a[A)= =3 cos e
P A
u -ri
2 ¥ '
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Equivalent transfers are in the table.

afA)= _!_?q (~oi,» ;) + Af3in 2o, = sinely )+

, L8 J
+ 4b (conol — cosal )+ E:ﬂiﬂpj

afA)= ﬁ |r,a. ,'ﬂ-E.:;].-A;mE'nI—ﬁ-b{nsﬂi:I

— = — —

—
I_ B afa) = %[’m:ﬂf, . cos0iz)

1 ?H i —
t[.{,-—T—Ai!--n-:f, §in oYy

NF-CZ07-MOP-3-202-2015 15



CTRONID A/ Norway grants

INZENYRSTVI

Frequency methods for solving NL systems October 2015

Computation and display of equivalent transfers

Example: Nonlinear member is denoted by equation of its static characteristics
3
y=u

Compute it's equivalent transfer and amplitude characteristics in complex plane.

Solution: Input sinusoidal signal U = ASINwt - output signal
. 5 Ao .
y=Asin’ ot = T(35|n wt—sin 3wt)
, 1., . :
Use goniometric formula  Sin° a = Z(3SIn o —SIn 3a)

Let's ignore third harmonics — definition of equivalent transfer in complex plane

A 3sin ot
G (A)_flrsthramonlcsof Input " 4 3

sinusoidal output signal Asinwt 4
NF-CZ07-MOP-3-202-2015 16
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Display in complex plane
Im
A=0 A=1 A=1,5 A=2 A=2,5
0 1 2 3 4 5 Re
Relay with insensivity band
4B |, b
y Gy(A=—1-—
‘ ‘ B A A
b u
AL__’I ‘ Im
A=0 A A=11 A=1,2
0 2 NI 6 Re

NF-cAF08P 32022015 A=2 17
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Determining autooscillations in nonlinear circuits

Autooscillalation (stable limit cycle)

1l

oscillations with constant amplitude

-

determine amplitude and frequency

Sy

avoid their creation

Existence of autooscillations - output y(t) with phase shift to input by 180°
but same amplitude.

NF-CZ07-MOP-3-202-2015 18
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<4jl_,;  elt)

~

elt)

vt N G,(jw)G,(A=-1
ult)

. —%—t common form
s G,(jw)G,(A+1=0

Solution of this equation : A, w (if the autooscillations exist).

Analytic solution: Re [GL(_/C!))GN(A) + 1] =0

Im |G, (jw)G,(A)+1]=0

two equations for two variables A, w

L

real solution

g

autooscillations exist and have computed parameters 19
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Graphic solution :

| GL(ja)): - GNl(A)

M - GL(ja)): Nl(A)
1

GL(ja)) ) _GN(A)

Intersections M, N
? exist — not exist ?

NF-CZ07-MOP-3-202-2015 20
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Example: Nonlinear control circuit in figure consists of linear proportional system

k. Y.
p(T.p+1)(Tp+1)

(k=1;T,=1;T,=1) with ideal two-value controller (B=1). Determine if in the circuit
emerge autooscillations and if they do determine amplitude and frequency.

Solve analytically and graphically.

NF-CZ07-MOP-3-202-2015 21
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Solution: AB B 4B
o G(A=B - 5 p=0 Gy(A)==
Analytic: N() A R N( ) A
K 4B
G (jo)G,(A+1=0 > —F— : —+1=0

jo(Tjo+1)T,jo+1) A

4B . 4B
kE—(T1+T2)a)2+ja)(l T1T2a)) 0 Re=0: kg—(Tﬁ'Tz)w =0

Im=0: a)(l—Tsza)z): 0

Solution exists, autooscillations emerge. Amplitude and frequency:

1/ =0,316
T1T2 1.10

B T1T2 4Bk 1.10 4.1.1 11575
-I_1 +T2 7T l—|— 10 7« NF-CZ07-MOP-3-202-2015 22
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Graphic:
1 4B
(=gt > Gy(a)=2B
6o 7 CnW=X
1 : : :
=" jo(T, jo+1)T, jo+1)
G (jw)
- |Im
01t
035
.A=1 Re

=031 A=172

NF-CZ07-MOP-3-202-2015 23
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Example: Course of ship is controlled using three-value controller. Scheme of controller
circuit in figure. Time constant of the ship as controlled system is T= 100 s and gain k = 10.
Determine when the autooscillations do not emerge.

ship y course of ship
1
| G(s)= >
u position s(Ts+1)
of rudder
feedback
k | controller
A w=0
1 B 4®<7
S b, 4

servodrive

NF-CZ07-MOP-3-202-2015 24
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Solution: Linear member Condition for autooscillation emergence
1 1
G(s)= Gy (A)=-
() s(Ts+1)s +k) v(A) G (jo)

NF-CZ07-MOP-3-202-2015 25
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Equivalent transfer of nonlinear member and it's amplitude characteristics.

Im
_4AB | b ‘
Value A for which is 0 T A Re
maximum of characteristic.
For derivative use these formulas:
!/ !, !/ l ! 2
y =uv y' =u'v+uv y=— y'=——
X X
1 1 1
y:— y,:—— y:\/; y,:—
X X2 2\&

dGN (A) -0
dA

NF-CZ07-MOP-3-202-2015 26
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dG
Derivative N ( ) =0
- 2 12
4B/ _ 48| b _ S L LA S
A 7zA2 A’ 7rA b2 A3 A A b2

b= 1 = A=hb+2

So the characteristics will not intersect (autooscillations will not emerge).

2 2
Gy (A)= 4i 1—22—7;? 1—b—<1oo
7t

NF-CZ07-MOP-3-202-2015 27
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